We examine the constraints on the Yukawa regime from the non-minimally coupled curvature-matter gravity theory arising from deep underwater ocean experiments. We consider the geophysical experiment of Zumberge et al. of 1991 [1] for searching deviations of Newton's inverse square law in ocean. In the context of non-minimally coupled curvature-matter theory of gravity the results of Zumberge et al. can be used to obtain an upper bound both on the strength α and range λ of the Yukawa potential arising from the non-relativistic limit of the non-minimally coupled theory. The existence of an upper bound on λ is related to the presence of an extra force, specific of the nonminimally coupled theory, which depends on λ and on the gradient of mass density, and has an effect in the ocean because of compressibility of seawater.
Introduction
In this work we show that it is possible to constrain the parameters of a nonminimally coupled (NMC) gravity model by using the results of a geophysical experiment, performed in 1991 by Zumberge et al. [1] to look for deviations from Newton's inverse square law in the ocean. In NMC gravity the Einstein-Hilbert action functional of General Relativity (GR) is replaced with a more general form involving two functions f 1 (R) and f 2 (R) of the Ricci scalar curvature R of space-time [2] . The function f 1 (R) has a role analogous to f (R) gravity theory [3, 4, 5, 6] , and the function f 2 (R) multiplies the matter Lagrangian density giving rise to a nonminimal coupling between geometry and matter. NMC gravity has been applied to several astrophysical and cosmological problems such as cosmological perturbations [7] , post-inflationary reheating [8] , possibility to account for dark matter [9, 10] and the current accelerated expansion of the Universe [11] . The Solar System constraints were examined in Ref. [12] . For other implications of the NMC gravity theories see Refs. [13, 14, 15, 16] . In Ref. [17] a nonminimally coupled curvature-matter gravity model has been considered where the functions f 1 (R) and f 2 (R) have been assumed analytic at R = 0, and the coefficients of their Taylor expansions around R = 0 have been considered as the parameters of the model. The metric around a spherical body with uniform mass density has been shown to be a perturbation of the weak-field Schwarzschild metric, particularly the perturbation of the 00 component of the metric tensor contains a Yukawa potential. It has been shown that, in the nonrelativistic limit, the range λ of the Yukawa perturbation is given by λ = √ 6a 2 , where the parameter a 2 of the model is proportional to the coefficient of R 2 in the Taylor expansion of the function f 1 (R). The strength α 0 of the Yukawa potential is given by α 0 = (1 − θ)/3, where θ is the ratio q 1 /a 2 and the parameter q 1 is the coefficient of R in the Taylor expansion of f 2 (R) [17, 18] . Since f 2 (R) multiplies the matter Lagrangian density in the action functional, then the effect of the NMC vanishes in vacuum, however it affects the gravitational source, so that the NMC affects only the strength of the Yukawa potential. It was shown, in Ref. [17] , that the parameters of the NMC gravity model can be constrained through perturbations to perihelion precession by using data from observations of Mercury's orbit. If the ratio θ is sufficiently close to 1, a 2 q 1 , then the strength α 0 of the Yukawa potential is small and the Yukawa range λ can reach astronomical scales in the Solar System satisfying the constraints resulting from data on Mercury's orbit [17] . Moreover, the resulting value of parameter γ of the parametrized post-Newtonian approximation is close to 1 according to Solar System constraints on gravity [18] . In Refs. [2, 19] the equations of motion of a perfect fluid in NMC gravity have been derived, showing the existence of an extra force inside the fluid besides the Yukawa force. More precisely, the nonminimal coupling induces a nonvanishing covariant derivative of the energymomentum tensor. That leads to a deviation from geodesic motion and, consequently, the appearance of an extra force in the fluid. In the present paper we compute the extra force in a perfect fluid for the NMC gravity model considered in Ref. [17] and show that the extra force per unit volume is proportional to the gradient ∇ρ 2 of squared mass density of the fluid, with coefficient Gλ 2 θ 2 , where G is the gravitational coupling. Since θ is constrained to be close to 1 from astronomical observations [17] , then a value of λ of the order of the astronomical scale gives rise to an extra force which can lead to a large perturbation of the hydrostatic equilibrium of a compressible fluid. Constraints resulting from the hydrostatic equilibrium of a gravitating body, for instance the Sun, could then be used to impose an upper bound on the strength of the extra force, hence on the Yukawa range λ. Such an effect was not taken into account in Ref. [17] since orbits where computed around a body with uniform mass density, so that the extra force inside the body vanishes. A more stringent upper bound on λ is expected to be found from the condition of hydrostatic equilibrium of a compressible fluid on the Earth.
The experiment devised in Ref. [1] to test the presence of a Yukawa force in the ocean is suitable for this purpose. This experiment was concluded in 1991 and never repeated. Moreover, more recent lake and tower experiments provide more stringent constraints on the Yukawa force over the same distance scales [20] . Nevertheless, the results from the ocean experiment in Ref. [1] , based on measurements of gravitational acceleration along continuous profiles to depths of 5000 m in seawater, are particularly useful to constrain the NMC extra force. This is a consequence of the role played by hydrostatic equilibrium of seawater in the experiment. The result of the experiment in Ref. [1] is an estimate of the Newtonian gravitational constant G which also yields a constraint on the presence of a Yukawa force. Such an estimate was achieved by measuring the gravitational acceleration g(z) at varying depth, z, in the ocean by using a gravimeter in a submersible. The depth was computed from measuring sea pressure by resorting to the equation of state of seawater and the condition of hydrostatic equilibrium. Hence, the extra force could not be directly measured since the gravimeter was not immersed in seawater. Nevertheless, the extra force has an indirect effect on the measurement through the dependence of the pressure to depth conversion on the hydrostatic equilibrium of seawater.
In the present paper we show how an upper bound on the Yukawa range λ can then be achieved at the geophysical scale by exploiting the compressibility properties of seawater. We point out that in the case of gravity models which predict a Yukawa force, but not a further force depending on the gradient of mass density of the fluid, then constraints from this kind of experiments yield an upper bound on the strength of the Yukawa force only, but not on the range λ [20] .
The nonminimally coupled gravity model
The action functional of nonminimally coupled gravity is of the form [2]
where f i (R) (with i = 1, 2) are functions of the Ricci scalar curvature R, L m is the Lagrangian density of matter, and g is the metric determinant. The standard Einstein-Hilbert action of GR is recovered by taking
where G N is Newton's gravitational constant. The first variation of the action functional with respect to the metric g µν yields the field equations:
where f i R ≡ df i /dR. The trace of the field equations is given by
where T is the trace of the energy-momentum tensor T µν . A distinctive feature of NMC gravity is that the energy-momentum tensor of matter is not covariantly conserved [2] . Indeed, applying the Bianchi identities to Eq. (2.3), one finds that
This property will play a crucial role in the nonrelativistic limit of hydrodynamics.
Metric and energy-momentum tensors
We use the following notation for indices of tensors: Greek letters denote space-time indices ranging from 0 to 3, whereas Latin letters denote spatial indices ranging from 1 to 3. The signature of the metric tensor is (−, +, +, +). We consider the metric, g µν , and energy-momentum, T µν , tensors at the order of approximation required to obtain the nonrelativistic limit of equations of motion. At such an order the expansion of the metric tensor around the Minkowski metric in powers of 1/c is given by
6)
where h 00 = O(1/c 2 ). The components of the energy-momentum tensor to the relevant order are (Ref. [21] , Chapter 4.1):
8)
where matter is considered as a perfect fluid with matter density ρ, velocity field v i , and pressure p. The trace of the energy-momentum tensor is
If Ω denotes the portion of three-dimensional space occupied by the fluid, in order the field Eq. (2.3) be well defined, we require that both the function ρ = ρ(t, x) and its spatial derivatives are continuous across the boundary of the region Ω: 12) where the operator ∇ denotes the three-dimensional space gradient.
In the present paper we use L m = −ρc 2 + O(1) for the Lagrangian density of matter [19] .
Assumptions on functions
In what follows we will denote G N the value of the Newtonian gravitational constant measured in the laboratory; we allow for the difference G = G N , given the presence of a Yukawa interaction in the NMC model of gravity, as it will be discussed in the next section, and we set
We assume that the functions f 1 (R) and f 2 (R) admit the following Taylor expansions around R = 0, which coincide with the ones used in Ref. [8] :
14)
In the following, in order to recover GR when the function f 1 is linear (i.e., a 2 = 0) and f 2 = 0, we set a 1 = 1. Both the parameters a 2 and q 1 affect the nonrelativistic limit of the theory.
Nonrelativistic limit
In this section we consider the nonrelativistic limit of the solution of the field equations found in Ref. [17] and compute the equations of hydrodynamics of a perfect fluid in the nonrelativistic limit. The solution of the field equations contains both the Newtonian and the Yukawa potentials with range and strength depending on NMC parameters a 2 and q 1 .
Field equations
In this subsection we give the Ricci scalar R at order O 1/c 2 and the quantity h 00 , computed in Ref. [17] , which yield the nonrelativistic limit of NMC gravity. The trace of the field Eqs. (2.4) at order O 1/c 2 is given by
In the following we assume a 2 > 0. The solution, found by using the boundary conditions (2.12), is of the Yukawa type:
where Y denotes the Yukawa potential
and
The range λ of the Yukawa potential depends on the NMC parameter a 2 and θ is a dimensionless quantity (see Ref. [17] for further details). Expanding the 0 − 0 component of the Ricci tensor R µν as 
The solution of this equation is [17] :
where U is the usual Newtonian potential
Hence, the perturbation of the 0 − 0 component of the Minkowski metric at order O(1/c 2 ) (nonrelativistic limit) consists of the Newtonian potential plus a Yukawa potential with range λ and strength α 0 , given respectively by (see Ref. [17] for further details):
Then the constant G describes the gravitational interaction of two masses located a distance r apart, as r → ∞. Because of the presence of the Yukawa perturbation, if λ is such that r/λ 1 at laboratory distances r, then G is different from the value G N measured in the laboratory [20] .
Equations of hydrodynamics
The equations of hydrodynamics of a perfect fluid follow from the covariant divergence of the energy-momentum tensor [2] , as given by Eq. (2.5) that we repeat for convinience: 
The right-hand side of Eq. (3.10) yields
Neglecting terms of order O(1/c 2 ) the continuity equation then follows in the nonrelativistic limit as usual:
The NMC term on the right-hand side of Eq. (3.10) gives a distinctive contribution to the spatial part of this equation that now we compute. The left-hand side yields
where, using Eqs. (2.6) and (3.7) for the metric tensor, the Christoffel symbol Γ i 00 is given by 
Using now the continuity equation Eq. (3.13), at order O(1), we get 17) where d/dt = ∂/∂t + v i ∂/∂x i is the time derivative following the fluid. For i = 1, 2, 3, using Eqs. (2.14),(2.15) for functions f 1 , f 2 , the solution for R, Eq. (3.2), and formulae (3.9), the right-hand side of Eq. (3.10) at order O(1) yields
Combining this equation with Eq. (3.17), for i = 1, 2, 3, we obtain the equations of NMC hydrodynamics for a perfect fluid in the nonrelativistic limit:
We observe the presence of two further terms in comparison with Eulerian equations of Newtonian hydrodynamics:
(i) a Yukawa force density with strength α(θ)
(ii) an extra force density proportional to the gradient of squared mass density, ρ 2 , with coefficient of proportionality 2π/3 Gλ 2 θ 2 .
The extra force density in (ii) has been extensively discussed in Ref. [2] , and for relativistic perfect fluids in Ref. [19] . Here we have derived the explicit expression of such a force density corresponding to the functions f 1 (R), f 2 (R) given by Eqs. (2.14), (2.15) . By equating dv i /dt to the centripetal acceleration on rotating Earth [22] , we obtain the equations of hydrostatic equilibrium for seawater:
where ω = 7.292115 × 10 −5 rad/s is the angular velocity of the Earth, r is the distance to center of Earth, and φ is geocentric latitude. These equations will be used in order to constrain the NMC parameters a 2 , q 1 (equivalently, λ, θ) by means of the ocean experiment reported in Ref. [1] .
Motion of a test body in a static, spherically symmetric field
In this subsection we discuss the implications of the nonrelativistic limit of NMC gravity for the motion of a test body in the gravitational field of a static, spherically symmetric body. The resulting constraints from Solar System observations will justify the need for further constraining the NMC model of gravity by means of an ocean experiment as reported in Ref. [1] . The action for a point particle with mass m is given by [17] :
where τ is an affine parameter (which can be identified with proper time). Variations with respect to δx µ yield the equations of motion [23] , 23) showing that the NMC gravity model leads to a deviation from geodesic motion [2, 24] . The nonrelativistic limit of the equations of motion of a test body in a static, spherically symmetric field can be extracted from Ref. [17] , where the full relativistic equations of motion have been computed: 24) where M S is the mass of the central attracting body, r and v denote the radius vector and the velocity of the test body, respectively, the prime denotes derivative with respect to r = |r|, and Y is the Yukawa potential 25) where R S is the radius of the central body, the range λ and the strength α 0 are given by Eq. (3.9), and A(λ, R S ) is a form factor which depends on the distribution of mass inside the central body [18, 20] . If the central attracting body has uniform mass density, then
The effect of deviation from geodesic motion is contained in the factor (1 − θ) multiplying Y in Eq. (3.24), see Ref. [17] for the details.
If the unperturbed Newtonian orbit of the test body is elliptical, then the most significant effect of the Yukawa perturbation in Eq. (3.24) is an anomalous precession of the pericenter of the orbit, with precession per revolution given by [17, 20] :
where e and L are the eccentricity and the semilatus rectum (i.e., the mean radius) of the orbit, respectively, and the inequalities e 1, R S /λ 1 are assumed. If the Yukawa range λ reaches astronomical values at Solar System scales, i.e., values of order of either Sun-planets distances or the Earth-Moon distance, then astronomical tests of the Yukawa force, based on observations of planetary precessions and Lunar Laser Ranging measurements [25] , impose the constraint:
where Eq. (3.9) has been used. Hence, if the NMC parameter q 1 is close enough to a 2 , then the range λ of the Yukawa force can reach astronomical values in the Solar System, still evading the stringent constraints from astronomical tests on the Yukawa perturbation. Nevertheless, if (1 − θ) 2 1 (hence, θ 1) and λ is large in comparison with the radius of Earth, then the extra force (ii) in Eq. (3.21) of hydrostatic equilibrium,
can become a significant perturbation of the hydrostatic equilibrium of a compressible fluid (∂ρ/∂p = 0) on Earth. Hence, an upper bound on λ has to follow from suitable experiments devised to test the presence of a Yukawa force in a compressible fluid. In the next section, by exploiting the compressibility properties of seawater [26] , we discuss how an upper bound on the Yukawa range λ can be imposed from the measurement in the ocean of the Newtonian gravitational constant G reported from the experiment of Ref. [1] .
Effects of NMC gravity in ocean experiments
In Ref. [1] the Newtonian gravitational constant has been measured in the ocean by means of an experiment of Airy type (see Ref. [20] , Ch. 3). Gravitational acceleration was measured down to 5000 m vertical lines using a submersible as a platform for gravity measurements.
The experimental input consists of data for the gravitational accelerations g obs (z) at various depths, z, below the surface of the ocean, along with data for local mass density ρ(z) of seawater. The quantities g obs denote relative measurements of gravitational accelerations [27] . The main advantage in carrying out an experiment of Airy type in the ocean is that mass density ρ in the ocean is known with an accuracy better than 1 part in 10 4 , by resorting to the seawater equation of state available at the time of the experiment [28] . The result of the measurements in Ref. [1] constrains the strength of a Yukawa modification to Newtonian gravity to be less than 0.002 for scale lengths in the range from 1 to 5000 m.
In the next subsections we estimate the contributions to the measured quantity g obs (z) due to Newtonian gravity, Yukawa perturbation, and the extra force, respectively. In the following we assume that gravity measurements are already corrected for the gravitational effects of tides, vertical accelerations produced by the submersible's buoyancy, and other temporal effects, so that we can neglect the dependence of gravity on time.
Contribution of Newtonian gravity
Let us consider the contribution to the gravitational acceleration from the Newtonian part of the NMC model of gravity, with gravitational constant G. The Newtonian potential U plus the centrifugal potential is denoted as the geopotential, and the level surface of the geopotential nearest to the mean sea level is denoted as the geoid [29] . Following Ref. [1] , the contribution of Newtonian gravity is computed starting with a model for the mass density of the Earth, described in Refs. [30, 31, 32] , which is ellipsoidally layered beneath the topographic surface of the Earth, in the vicinity of the measurements. Then the model is refined by applying corrections for the localized departures from the layered structure. Let P be a point inside the Earth, and let Q be the point on the topographic surface such that the segment P Q is normal to the ellipsoid of constant mass density passing through P . The depth of P is denoted by z and it is approximately given by the length of P Q. We denote by γ the magnitude of the gravitational acceleration (Newtonian plus centrifugal) computed for z ≥ 0 by means of the layered model. The difference in γ between P and the point Q at the surface (z = 0) is given by [30, 31] :
where
In the above formulae, r s is the distance of Q to the center of Earth, φ s is the geocentric latitude of Q (subscripts s denote surface values), J 2 = 0.001082635 is the quadrupole moment of the Earth, ω is the angular velocity of the Earth, a and d are the semi-major and semiminor axes of a reference ellipsoid which globally approximates the geoid [29] , a = 6378137 m and (1 − d 2 /a 2 ) = 0.0066944, and ρ is the model layered mass density of the Earth.
The distance of Q from the center of Earth, to first order in polar flattening, is given by
where h is the height of Q above the reference ellipsoid. In the following we also need the geographic latitude φ g , defined as follows:
The magnitude of the acceleration in the field of the Earth, due to actual Newtonian gravity plus the centrifugal force, is represented by
where δg(z) is a gravity disturbance which, in the case of the ocean experiment, is caused by deviations from ellipsoidally layered mass density like, for instance, a varying attraction of the seafloor topography, the presence of a sediment layer and regional mass density variations in the soil beneath the ocean. The seawater mass density ρ w did not exhibit significant lateral changes across the experimental site in the ocean [1] , so that we can set for the actual seawater density ρ w = ρ w (z). The experimental site in Ref. [1] was chosen in the Pacific ocean in order to minimize gravity perturbations from the ocean-continent boundary (1000 km away) and from oceanic fracture zones. Moreover, remote irregularities, such as large continental elevations and deep oceanic trenches, have negligible effect because of the phenomenon of isostatic compensation [29, 33] . By Archimedes law, topographic loads on the crust are buoyantly supported by similar but inverted undulations in the shape of the crust-mantle boundary of the Earth: the attraction of this interface cancels at large enough distances the gravity perturbation from the changing topography. In Ref.
[1] the authors observe that the gravity disturbance due to the varying attraction of seafloor topography is also largely canceled by isostatic compensation. The magnitude γ(0) on the topographic surface of the Earth, to first order in polar flattening, is given by [31] :
where M ⊕ is the mass of the Earth. In the absence of a Yukawa force (G = G N ) the value of GM ⊕ is determined by means of several types of space measurements, with the dominant contribution resulting from laser ranging to the Lageos satellite [34] . In the presence of a Yukawa force, GM ⊕ is different from the measured value due to the effect of the Yukawa perturbation on the motion of satellites orbiting around Earth and involved in the measurements [20] . However, if the Yukawa range λ is much smaller than the mean distances of such satellites from Earth, then the above difference is negligible. Hence, in this case, adopting the value of GM ⊕ determined by means of space measurements, GM ⊕ = 398600441.5×10 6 m 3 s −2 [35] , the addition of second-order terms to Eq. (4.7) gives for γ(0) the international gravity formula on the ellipsoid [36] , plus a height correction dependent on h:
where the height correction ∆(h) is given by
with h measured in kilometers [29] . The signed distance of a point on the geoid from the reference ellipsoid is the geoidal undulation N . The values of N are of the order of tens of meters and usually do not exceed ±100 m anywhere in the world. The height H of the topographic surface of the ocean above the geoid is smaller and the maximum amplitude is roughly ±1 m [37] . If Q is a point on the surface of the ocean, then we have h = H + N . Eventually, the value of geographic latitude of the experimental site in the northeast Pacific ocean reported in Ref. [1] is φ g = 35 o 13 N. For the sake of simplicity, we consider fixed the geographic latitude and we drop the dependence of γ(0) on latitude.
Contribution of Yukawa perturbation for λ R ⊕
We compute the contribution to gravitational acceleration due to the Yukawa perturbation under the assumption λ R ⊕ , where R ⊕ is the mean radius of the Earth. The validity of such an assumption has to be verified a posteriori. We divide the region below the surface of the ocean into three subregions:
(i) seawater with mass density ρ w (z) for 0 < z ≤ z w ;
(ii) oceanic crust with mass density ρ c (z) for z w < z ≤ z c ;
(ii) mantle with mass density ρ m (z) for z c < z.
In Ref. [1] the seawater density ρ w varied from 1023.6 near the surface to 1050.5 kg m −3 at 5000 m depth. Layer 1 of the oceanic crust is a sediment layer with mean thickness of 36 m and it has a negligible effect [1] . The average seafloor density in the region is 2690 kg m −3 [1] , which we consider as the value of density of layer 2 (typically 1.5 km thick), composed of extruded basalt affected by circulation of seawater through pores and cracks [38] . Layer 3 is about 5 km thick with fewer pores and cracks, hence with a larger mass density, so that the average density of the oceanic crust is ρ c = 2860 kg m −3 [39] . Eventually, the average mass density of the upper mantle (z c < z 670 km) is about ρ m = 3400 kg m −3 [38] . In order to correct the gravity measurements in Ref. [1] for various effects, the authors include in their computations an Airy-Heiskanen model of isostatic compensation (see Ref. [29] , Ch. Under the assumption λ R ⊕ , we approximate the contributions to the Yukawa force due to seawater, oceanic crust and mantle, by the field strength produced by two infinite slabs having mass density ρ w and ρ c and a half-space with density ρ m , respectively. We assume that the Yukawa force is exponentially suppressed beneath the upper mantle (an assumption that has to be verified a posteriori). Then the Yukawa potential (3.3), evaluated in cylindrical coordinates for 0 ≤ z ≤ z w , is given by
Denoting ρ w the average mass density of seawater, ρ w = (1/z w ) zw 0 ρ w (z)dz, and using Eq. (4.10), we have
where ∆Y(z, λ) is a correction which depends on the inhomogeneity of mass density. In the following we set G(z, λ) = ∂Y(z, λ)/∂z, so that the magnitude of the gravitational acceleration due to Yukawa force is given by
Using (3.21), and taking the derivative with respect to z, we obtain the contribution of the Yukawa perturbation to the gravitational acceleration: 14) where ∆ [G(z, λ) − G(0, λ)] is a correction depending on the inhomogeneity of mass density. Since the contribution of the Yukawa perturbation has to be small, we neglect disturbances caused by deviations from planarly layered mass density. Moreover, the experimental site in the Pacific ocean was chosen with minimal relief (see Ref.
[1] for details). At the surface of the Earth, the contribution of the Yukawa perturbation is given by
where ∆G(0, λ) once again depends on the inhomogeneity of mass density.
Contribution of the extra force
In the experiment reported in Ref. [1] , gravitational acceleration at various depths z was measured by using a gravimeter placed in a submersible. The gravimeter was able to measure the acceleration due to both the Newtonian and Yukawa force, however, the contribution of the extra force could not be directly measured, since the gravimeter was not immersed in the seawater. Nevertheless, the gravity measurement is indirectly influenced by the extra force for the following reason. The experimental input requires data for the gravitational accelerations g(z) at various depths z below the surface of the ocean, along with data for local mass density ρ w (z) of seawater.
Hence depth z has to be measured jointly with acceleration and mass density. In Ref. [1] depths z were determined from pressure, which was measured in the oceanic water by quartz pressure gauges. Depth is then determined by resorting to the method of conversion of pressure to depth of physical oceanography, which is based on the approximation of hydrostatic equilibrium and the seawater equation of state. Pressure was measured with an accuracy better than 7 parts in 10 5 , which corresponds to an uncertainty of 0.35 m at 5000 m, while the uncertainty associated with seawater mass density (which enters into the equation of state) was 0.5 m at the time of the experiment [1] . The root-sum-square depth uncertainty was 0.61 m. The compressibility of seawater (dρ w /dz = 0) yields a non vanishing extra force. Since the extra force constitutes a perturbation in the Eqs. (3.21) of hydrostatic equilibrium, this force contributes to the conversion of pressure to depth, modifying the computed value of the depth, z. In this section we now compute such a contribution. The site of measurements in the ocean was chosen in order to minimize gravity perturbations also from oceanic currents and fronts [1] . Gravity and pressure measurements have been taken at depths below 500 m, since velocity fluctuations in the upper few hundred meters at the experimental site are substantially larger than those in deep water [40] . Hydrostatic balance is the dominant balance within the vertical (perpendicular to the ocean surface) momentum equation of seawater, as long as the vertical length scales of motion are much smaller than the horizontal length scales Ref. [41] . Nevertheless, for the purposes of a precision experiment such as the one reported in [1] , the use of the equation of hydrostatic equilibrium in a dynamic environment such as the ocean requires a preliminary discussion (see also Ref. [40] ). The following statements have to be considered valid only for the open ocean and deep water, which is the case of the experiment in Ref. [1] . Seawater pressure p w is the sum p w = p + p d of the hydrostatic equilibrium pressure p plus a perturbation pressure p d due to dynamic effects [41] . Equilibrium pressure is simply denoted by p since it will be the most frequently used. The contribution p d is due to perturbations among which the main ones are surface gravity waves, internal gravity waves, geostrophic flow and tides [41] . Instances of surface gravity waves are wind waves and a swell generated by a distant storm, and their amplitude is small in comparison with ocean depth z w . In this case, according to linear wave theory, the contribution of such waves to p d is exponentially damped with depth [41] , and it is either negligible at depths z below 500 m, where measurements have been taken in the experiment in [1] , or it can be filtered out as a noise component of the measured pressure p w , by computing the spectrum of perturbation pressure [42, 43] . Internal waves occur due to seawater density gradients [41] , their frequency is bounded from above by the Brunt-Väisälä frequency (1 cycle per hour or less), and their contribution to p w is either negligible or can also be filtered out since the time scales on which internal waves occur are of an hour or more [40] . Geostrophic flow is the result of the balance between the Coriolis acceleration and the horizontal pressure gradient [41] , and it gives rise to both a stationary contribution H g to the height of the topographic surface of the ocean above the geoid, and a stationary contribution to p d given by ρ w (0)γ(0)H g . The height H g is on the order of a few decimeters, and the contribution to the slope of the ocean surface is on the order of 1 m per 1000 km for a geostrophic current of 0.1 m s −1 [37] . Tide-producing forces give rise to a periodic contribution to p d . In the case of a lunar semidiurnal M 2 tide, which is the largest tidal constituent, the period is 12.4 hours, which is one half of the lunar day, and the wavelength is half the circumference of the Earth at the latitude of the experimental site [41] . The periodic contribution H t of the tidal wave to the height of the topographic surface of the ocean above the geoid has an amplitude on the order of 1 m or less at the experimental site [40] , and the contribution to p d is given by ρ w (0)γ(0)H t . By using a simple harmonic model, the vertical acceleration of seawater imparted by the tide is a = ω 2 H t , where ω is the angular frequency of the tide, so that a 2 · 10 −8 m s −2 for a M 2 tide and H t = 1 m, which is negligible [40] . The contribution to p d of geostrophic flow and tides, given by ρ w (0)γ(0)(H g + H t ), can be subtracted from the measured pressure p w . Similarly, the effect on Newtonian gravity g(z) of the displaced mass of seawater can be corrected. Since the contribution to the slope of the ocean surface is small, then a simple and suitable correction consists in the subtraction of the gravitational attraction of an infinite Bouguer plate [29] given by 2πGρ w (0)(H g + H t ) 6 · 10 −7 m s −2 for H g = 0.5 m and H t = 1 m [40] . After implementing the correction we may set H = 0 for the height of the topographic surface of the ocean above the geoid, so that we may refer depth z to the geoid. Eventually, if the perturbation pressure due to gravity waves has also been filtered out, then hydrostatic equilibrium pressure p = p w − p d may be used for pressure to depth conversion.
Pressure to depth conversion
Gravity measurements in the experiment of Ref. [1] have been corrected for tides and other dynamical effects (see Ref. [40] for a discussion of the various corrections). Then, on the basis of the previous discussion, the equations (3.21) of hydrostatic equilibrium for pressure p can be used. Since seawater mass density exhibits no significant lateral changes across the experimental site [1] , we have ρ w = ρ w (z). Thus the vertical component of Eqs. (3.21) is given by 1 ρ w
where r r s − z. By integration along the vertical direction we obtain p ps dp
where p is pressure at depth z below the surface of the ocean, p s is the pressure at the surface (atmospheric pressure), and
Since in the ocean z ≤ z w = 5000 m, we have z/r s 1 and we use the following approximations of V (z) and X(z) in Eqs. (4.2) and (4.3):
The value is 1 − ε = 0.99998316. Using (4.1) and (4.6), then we have
where ρ w (z) is the average value of ρ w (z) over (0, z). Note that the function β in Eq. (4.23) is denoted by γ in oceanography, however we have denoted γ gravity computed by means of the layered mass density model. The function β(z) depends weakly on z through the mean value ρ w (z). Thus, following the practice used in physical oceanography, we consider β constant and we replace ρ w (z) by ρ w (z w ) = ρ w . If G = G N (absence of the Yukawa force), neglecting the dependence on φ s (hence, r s R ⊕ ), then the value used in oceanography is β N = 2.226 × 10 −6 s −2 . Integration of (4.22) then yields 
Now we consider the term involving the extra force. The density ρ w of seawater is a function ρ w = ρ w (S, t, p) of salinity S, in situ temperature t and pressure p [26] (for the various definitions of salinity see Ref. [26] ). In the following we denote by t the in situ temperature, according to the notation in physical oceanography [26] , since there will be no possibility of confusion with the time variable. In Ref.
[1] depth z is a derived quantity and not a measured quantity, while the measured quantities are electrical conductivity of seawater, temperature and pressure. Thus, we express the contribution of the extra force in Eq. (4.17) as a function of salinity (which is closely related to measured conductivity), temperature and pressure: 26) where, as previously, the subscript s denotes surface values. By using the international equation of state of seawater [26] , the integral of specific volume 1/ρ w with respect to pressure, in Eq. (4.17), has the following expression:
p ps dp ρ w = Q(p) + Ψ(S, t, p), (4.27) where Q(p) is a polynomial and Ψ is a small quantity, called the dynamic height anomaly, which takes account of the deviation of the physical state of seawater from the standard ocean (characterized by S = 35 and t = 0 o C). The main terms of the polynomial Q(p) are the following [26] : 
If we consider only the contribution from Newtonian gravity and we neglect the integral of the gravity disturbance δg, then Eq. (4.29) becomes
Following the method used in physical oceanography [26] , Eq. (4.30) is solved using the standard quadratic solution equation, but for z −1 . The solution z o used in oceanography is then given by
where the square root has been expanded up to first order taking into account that |Ψ| Q and βQ(p)/γ(0) γ(0). Note that, since the coefficient β/2 of z 2 in Eq. (4.30) is small, then the same approximation of the square root in the solution for z (not z −1 ) of the quadratic equation (4.30) yields a solution z o independent of β, which is less accurate, since it corresponds to neglecting the variation of γ(z) with z. If G = G N (absence of the Yukawa force), then β = β N and the approximate conversion formula (4.31) becomes
With the further approximation β N Q(p)/γ(0) β N (p − p s ), where (p − p s ) is measured in decibars and β N has the same numerical value of β N , but measured in m s −2 decibar −1 , Eq. (4.32) yields the formula for pressure to depth conversion which was used together with the seawater equation of state available at the time of the experiment [44, 45] . Then it is known that the approximation of the square root plus this further approximation give an error in z N (S, t, p) of less than 10 cm at 10,000 m [44, 45] . Considering now also the contributions from the Yukawa force and the extra force, in Eq. (4.29), in the small term involving Y we replace z with z o (S, t, p). Then we solve the quadratic equation (4.29) for z −1 and given z o (S, t, p) (S, t, p being measured quantities), we expand again the square root at first order retaining only the dominant term Q(p), and we obtain the following formula for the pressure to depth conversion, which takes into account the effect of the extra force:
where δ(S, t, p) represents the contribution of the gravity disturbance δg, and the term involving the Yukawa potential Y has to be evaluated by using Eq. (4.25). A subsequent evaluation of the upper bounds on the Yukawa force and extra force show that, for λ > 10 cm, the approximations made in the expansion of the square root give an error in z of order of centimeters at 10,000 m. Such an error turns out to be negligible for the purpose of constraining the extra force as it will be made clear in the next section. The effect of the sole Yukawa force on the pressure to depth conversion gives a difference with respect to the Newtonian value z N of order of centimeters at 5,000 m for a value of α(θ) of order 10 −3 , which is the order of magnitude of the upper bound on α estimated in [1] , and for all λ R ⊕ . Hence we consider z N = z N (S, t, p) as the depth function computed from S, t, p in Ref. [1] . Formula (4.33) will be used in the next section to constrain the parameters of the NMC gravity model by using the results of the experiment of Ref. [1] .
Constraints on the NMC gravity parameters
In this section we find constraints on parameters λ and θ of the NMC model of gravity by using the result of the measurement of the Newtonian gravitational constant given in Ref. [1] . The main purpose of this section is to find an upper bound on the Yukawa range, λ, by exploiting the influence of the extra force on the pressure to depth conversion. In Ref. [1] the gravitational acceleration was measured, together with S, t, p, along vertical tracks in seawater using a gravimeter on a submersible. Vertical gravity profiles have been measured for z N,1 ≤ z N ≤ z N,2 , with z N,1 = 500 m and z N,2 = 4800 m. We denote S 1 , t 1 , p 1 the measured values such that z N,1 = z N (S 1 , t 1 , p 1 ) . Since all the gravity measurements are relative, we subtract the measurement at the point along the vertical specified by the values S 1 , t 1 , p 1 from all of the other gravity measurements. We denote g obs (z N ) = g obs (z N (S, t, p)) the measured relative value (hence, defined up to an additive constant) of the magnitude of the gravitational acceleration at the point in seawater characterized by values S, t, p, and we denote g obs (z) = g obs (z (S, t, p) ) the value of the acceleration at the same point expressed by means of complete pressure to depth conversion according to Eq. (4.33). Then the observed gravity differences satisfy for z N > z N,1 the equalities S 1 , t 1 , p 1 ) ).
(5.1)
Gravity measurements are corrected for gravity disturbances δg(z) according to Eq. (4.6), then we define the corrected gravity differences by
where z 1 = z(S 1 , t 1 , p 1 ). In the ocean experiment the extra force has not been taken into account in pressure to depth conversion, hence the corrected gravity differences in this case are given by
where δg est (z N ) denotes an estimate of the gravity disturbance δg(z N ): the sources of uncertainty in the correction and the corresponding uncertainties are listed [1] . Now we observe that, for given values of S, t, p,
the extra force contributes to the difference z − z N , and the gradient dδg/dz N is small [1] : for instance the contribution to such a vertical gradient from the attraction of the seafloor topography is typically less than 0.2 mGal km −1 , where 1 mGal = 10 −3 cm s −2 . It follows that for differences |z − z N | of order of meters the differences |δg(z N ) − δg(z)| are of order of µGal.
Contributions from other sources of gravity disturbance are analogously small [1] . Then, using (5.1), (5.2) and (5.3), we have
where δg c is a further correction, depending on the extra force and the vertical gradient of the gravity disturbance, which is of order of µGal since a subsequent evaluation yields an upper bound |z − z N | 2.5 m.
Since the gravity measurements are not directly influenced by the extra force, then we model the corrected gravity differences g c (z) − g c (z 1 ) by means of gravity γ computed via the ellipsoidally layered mass density model plus the Yukawa acceleration given by (4.13) and (4.14). First we define the absolute value of modeled gravity at depth z including the Yukawa force:
Differently from gravity measurements in the ocean, which are relative, this absolute quantity is well defined, for given values of parameters θ and λ, by means of the value of γ(0) given in Eq. (4.8), which is independently determined from satellite measurements in the case λ R ⊕ , and the expression of G in terms of G N , θ and λ, which is given in the next subsection. Then the modeled gravity differences are defined by
and, using Eqs. (4.1), (4.19) , (4.20) and (4.23), we have also
Now we define the extrapolated gravitational acceleration γ e (z e ) for the layered model as follows (see also Ch. 3.5 of [20] and [30] ). We set γ e (0) = g m (0) and define
where V e (·) is given by Eq. (4.19) with γ(0) replaced by γ e (0) and X(·) is given by Eq. (4.20).
Hence γ e (z e ) is obtained by extrapolating the value g m (0) at depth z e by using the formula (5.9) of Newtonian gravity with the laboratory value G N of the gravitational constant. We have γ e (z e ) − γ e (0) = β e z e , (5.10)
where, using Eq. (5.6) for z = 0,
In formula (5.10) of extrapolated gravity, depth is considered as a function z e = z e (S, t, p) obtained by means of pressure to depth conversion in the case of Newtonian gravity, with γ(0) replaced by γ e (0) and using the laboratory value G N of the gravitational constant. Arguing as at the end of Section 4.3.1 we obtain 12) where the approximation of Q(p)/γ e (0) with Q(p)/γ(0) gives an error in z e of order of millimeters at 10,000 m, for β e of order 10 −6 s −2 , γ e (0) − γ(0) = α(θ)G(0, λ), and α(θ) of order 10 −3 . Now we define the modeled gravity residual (Ref. [20] , Ch. 3, and [30] ): 13) where z e,1 = z e (S 1 , t 1 , p 1 ). We need also the modeled gravity residual referred to z = 0:
Using (5.8) and (5.10) we have 15) which, expressed as a function of measured quantities S, t, p and parameters θ, λ, reads as follows: 16) where, in the small quantity α(θ)G(z, λ) inside Eq. (5.8), z has been evaluated using z o (S, t, p) according to formula (4.31) . In the next section we will obtain an expression for the gravity residual ∆g (0) m .
Evaluation of the gravity residual
In this section we express the gravity residual ∆g 17) where Φ is a positive, increasing function such that Φ(λ) 1 for λ ≤ 1 cm, and Φ(λ) 1 for λ ≥ 10 m. We set
We define the constant 19) and the following functions of pressure:
By using Eq. (4.33) with δ = 0 (g m modeling corrected gravity) for z(S, t, p), Eq. (5.12) for z e (S, t, p), and substituting in the expression (5.16) of the gravity residual, we find
22) where we have taken into account that z o depends on θ, λ through G inside β. The numerator N (S, t, p, θ, λ) is given by
The denominator D(p, θ, λ) is given by
Constraint inequalities
We define the observed gravity residual by 27) that is the excess of the corrected gravity difference over the Newtonian value with laboratory gravitational constant G N . In the experiment reported in [1] gravitational acceleration was measured along four continuous vertical profiles. In the range (z N,1 , z N,2 ) the fit to the average of the slopes of ∆g obs in the four profiles is [1] d∆g obs dz N = −0.060 ± 0.172, slope measured in mGal km −1 .
Moreover, the average of four individual values of ∆g obs obtained on the bottom, at the average depth z N = 5000 m, differs from the average of the values of ∆g obs measured in the water column by less than 0.05 mGal [1] . Using (5.28) it follows is not equal to the corresponding term in the modeled gravity residual (5.13), which results from the extrapolated gravitational acceleration γ e (z e ) and, using (5.10), is given by γ e (z e ) − γ e (z e,1 ) = β e (z e − z e,1 ) .
Such an extrapolated acceleration is used in the construction of the modeled gravity residual in [1] , Ch. 3.5 of [20] and [30] , and we have followed this approach. We point out that the extrapolated acceleration depends on the absolute value of the gravitational acceleration at the surface of the ocean: for modeled gravity such an absolute value is defined by Eq. (5.6) for z = 0 and it enters in the expression (5.11) for β e . On the other hand, measured values of gravity in the ocean experiment are relative and β N (z N − z N,1 ) is the sole term, constructed with the laboratory gravitational constant G N and measured quantities, that can be subtracted from the corrected gravity differences. It turns out that the difference |β N z N − β e z e | is of order of µGal for α(θ) of order 10 −3 and z N = 5000 m. Then, replacing in the inequalities (5.29) the observed gravity residual with the modeled gravity residual (5.13), we obtain the constraint
That corresponds to neglecting the correction δg c and the difference between β N (z N − z N,1 ) and β e (z e − z e,1 ), both having a small impact on the constraint on NMC gravity parameters. Particularly, the order of magnitude of the upper bound on λ, which is the major concern of the present paper, is not influenced by such corrections.
The expression for the modeled gravity residual ∆g m requires the knowledge of seawater density ρ w and dynamic height anomaly Ψ as functions of measured quantities S, t, p. The seawater density ρ w = ρ w (S, t, p) was computed in Ref. [1] along the vertical profiles by using the equation of state of seawater available at the time of the experiment [28] . In Ref. [1] , computed values of density ρ w are reported for the values of depth z N 0 at the ocean surface and z N = z w = 5000 m at the bottom. By using the data available at Ref. [1] , in order to exploit the constraint (5.31), we have two possibilities:
(i) we compute seawater density for the standard ocean, hence we set ρ w = ρ w (35, 0, p) , by using the equation of state of seawater, which corresponds to neglect Ψ(S, t, p);
(ii) we use the values of ρ w reported in Ref. [1] for z N = 0 and z N = z w , computed by using the full equation of state of seawater with Ψ(S, t, p), and we apply the estimate (5.28) of the gradient of the observed gravity residual to the range of depths (0, z w ).
Here we adopt the approach (ii), but see also the discussion in the sequel. Since in this case the range of depths starts from z = 0, then the modeled residual ∆g
m has to be used. Using the expression Eq. (5.22) of this residual, depending on measured physical quantities S, t, p and on parameters θ, λ, and expanding the interval of depths from (z N −1 , z N ) to (0, z w ), the inequalities (5.31) turn into the following constraint on NMC gravity parameters:
where S w , t w , p w are the measured values at the bottom of the ocean from which depth z w has been computed. In order to compute ∆g (0) m (S w , t w , p w , θ, λ) we note that S w , t w enter only in the quantities Ψ(S w , t w , p w ) and ρ w (S w , t w , p w ), while pressure p w enters separately in the expression (4.28) for Q(p). A good starting point for pressure p w is found by inverting the quadratic approximation, given in Ref. [46] for the standard ocean, to the Newtonian formula (4.32): [44] ) the computed value of density is ρ w (35, 0, 5000) = 1050.68 kg m −3 which is close to the value measured in Ref.
[1] at depth z w . Hence, a density profile, computed at large enough depths by resorting to the standard ocean, together with the value of density measured at the ocean surface, which is available in Ref. [1] , could still be used in set constraints on the NMC gravity parameters at a suitable order of magnitude. In the following we exploit the values of density measured in Ref. [1] which are suitable for our purposes. The dynamic height anomaly Ψ is a small quantity that generally increases with pressure and gives a contribution to z N (S, t, p) which varies regionally from 0 to 4 m at a pressure of 5000 decibars [26, 46] . A climatological correction should be employed in order to estimate Ψ accurately. For our purposes, using Eq. (4.32), we let Ψ(S w , t w , p w ) vary in the range
Since Ψ(S w , t w , p w ) Q(p w ), the impact of Ψ on the constraints on NMC gravity parameters is small. For the evaluation of the Yukawa terms V and F in the expression (5.22) of the gravity residual, we approximate z o (S w , t w , p w ) z w and we neglect the terms ∆Y and ∆G depending on inhomogeneity of mass density in Eqs. (4.12) and (4.14). Then, using Eqs. Now, substituting in the expression (5.22) of the gravity residual, the gravity formula (4.8) for γ(0) with h = 0 (for simplicity), the expression (5.33) of p w , the expressions (5.37) of the Yukawa terms V and F, and the values (5.35) of seawater density, and substituting the resulting expression of the gravity residual as a function of parameters θ, λ in the inequalities (5.32), we obtain a constraint on the NMC gravity parameters. Our results are graphically reported in Figures 1, 2 and 3 , in the case Ψ(S w , t w , p w ) = 0. The admissible regions for the parameters of the NMC gravity model are plotted in white, while the excluded regions are plotted in grey. Fig. 1 shows the admissible region in the plane of parameters with coordinates (λ, θ), Fig. 2 in the plane (λ, α), and Fig. 3 in the plane (a 2 , q 1 ) (we remind that θ = q 1 /a 2 ). The plots clearly show an upper bound on the Yukawa range λ which is located at λ max = 57.4 km, so that the condition λ R ⊕ is satisfied for λ ≤ λ max . The existence of such an upper bound is a consequence of the presence of the extra force and it is missing in the usual exclusion plots for the Yukawa perturbation where such an extra force is not considered. Fig.  2 shows that in the range 1 m < λ < 10 4 m the upper bound on the strength α of the Yukawa force is consistent with the constraint α < 0.002 found in Ref. [1] . We have found that, in the range 1 m < λ < λ max , the contribution from the Yukawa force to pressure to depth conversion is less than 1 cm, and the contribution from the extra force is increasing and less than 2.51 m. This last upper bound is smaller than depth uncertainty reported in Ref. [47] for a multibeam echo-sounder, which turned out to be between 0.1% and 0.2% of mean water depth, corresponding to 5-10 m at a depth of 5000 m. Eventually, all these results illustrate that the ocean experiment of Ref. [1] can yield interesting results for the non-relativistic limit of the nonminimally coupled curvature-matter theory of gravity. 
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Conclusions
In this work we have shown that the ocean experiment of Ref. [1] , whose original purpose was searching for the deviations of the Yukawa type on the Newton's inverse square law, can be used to set up limits on the Yukawa potential arising in the non-relativistic limit of the nonminimally coupled curvature-matter gravity theory proposed in Ref. [2] . This is a rather surprising result as until this contribution the specific features of the NMC theory were believed to arise in astronomical [12, 17] or cosmological [7] - [11] contexts. In this work we have shown that the bounds arising from Ref. [1] are sufficiently detailed for estimating the range λ and the strength α of the Yukawa potential of the non-relativistic limit of the NMC theory. We find an upper bound on the range, λ max = 57.4 km and, in the interval 1 m < λ < λ max , we find an upper bound on α consistent with the constraint α < 0.002 found in [1] , as it is shown in Fig. 2 . The upper bound on λ is the consequence of the presence of an extra force, specific of the NMC gravity model, which depends itself on λ and has an effect in an environment with a gradient of mass density, like seawater in the ocean. Thus the experiment of Ref. [1] allow us to obtain an upper bound on λ at the geophysical scale. For sure, improvements can be expected both on the experimental and on the theoretical fronts. Experiments inspired by the one of Ref. [1] can be repeated and considered in other contexts. On the more theoretical side, we can hope for further constraints on the functions f 1 (R) and f 2 (R) arising from astrophysical and cosmological arguments so that more specific forms of them can be studied on the non-relativistic limit of these gravity model.
